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Abstract

Networks of social relations can be represented by graphs and socio- or adjacency-matrices and
their structure can be analyzed using different concepts, one of them called centrality. We will
provide a new formalization of a “node-centrality” which leads to some properties a measure
of centrality has to satisfy. These properties allow to test given measures, for example measures
based on degree, closeness, betweenness or Bonacich’s eigenvector-centrality. It turns out that it
depends on normalization whether eigenvector-centrality does satisfy the expected properties or
not. © 2000 Elsevier Science B.V. All rights reserved.

1. Introduction

The concept of centrality has been discussed for over 50 years now. An intensive research
regarding appropriate measures originated from the analysis of communication patterns
and their performance in small groups by Bavelas (1950) and Leavitt (1951). For example,
measures based on the degree of a node, on its distance to other nodes, on the betweenness
or on algebraic concepts like the eigenvector of a matrix have been suggested. For an
overview see, e.g. Wasserman and Faust (1997). Though lot of information about different
centrality-measures is disposal:

“There is certainly no unanimity on exactly what centrality is or on its conceptual foun-

dations, and there is very little agreement on the proper procedure for its measurement.”

(Freeman (1977), p. 217)

We think this statement is still valid, in particular if the measures should allow comparisons
between different graphs. Here the influence of network size has to be removed, thus a kind of
normalization is required. Our aim is to develop a formal definition of a “node-centrality”
that matches the intuitive understanding of centrality and is related to a fixed scale. For
interpretation of measurement results the scale a value is related to provides important

* This is a revised version of a paper presented at the Symposium on Operations Research (SOR) in Magdeburg
in 1999.

*Tel.: +49-231-5407.
E-mail addressb.ruhnau@wiso.uni-dortmund.de (B. Ruhnau).

0378-8733/00/$ — see front matter © 2000 Elsevier Science B.V. All rights reserved.
PIl: S0378-8733(00)00031-9



358 B. Ruhnau/ Social Networks 22 (2000) 357-365

information. The interpretation of a value of, say, 0.8 will differ essentially if the maximal
value that can be reached is 1 orifitis 10. Another reason for a fixed scale is that comparison
of nodes from different graphs independent of graph size becomes possible.

We then compare “node-centrality” to several well-known centrality concepts. In par-
ticular we will provide conditions under which eigenvector-centrality (see, e.g. Bonacich
(1972b)) is a node-centrality. Here it will turn out that normalization of the eigenvector has
an important influence.

The paper is organized as follows. First we recall some basic notation and Freemans
general procedure for normalizing point-centralities and developing an appropriate graph
centralization measure (Freeman, 1979). Based on the notion of the “star”, our central
definition is developed in Section 3 and applied to different centrality-measures.

In Section 4 we recall the definition of eigenvector-centrality and examine different ways
of normalizing the eigenvector. Their influence on eigenvector-centrality as a node-centrality
is discussed. Section 5 concludes.

2. Basic notation and point-centrality

A social network can formally be represented by a grépk= (V, E), whereV is the
set of nodes, or points, respectively, afidhe set of edges. We restrict our considerations
to undirected graphs. The distance ¢igtv;) is the length of a geodesic, i.e. the number
of edges in a shortest path betwagrandv;. d(v;) is the degree of nodeg;, andG, =
{G||V| = n} is the set of all undirected and connected graphs witlodes.

The description of actors in social networks is often done in terms of some “structural
features” like the degree, closeness or betweenness of an actor. These structural features
have been used to create measures of centrality for single nodes in a graph. Here we recall
briefly the definition of these measurés.

Degree-centralityCp (v;) = d(v;), v; € V,is based onthe ideathatthe number of “direct
relations” an actor has is an important feature of his structural postioseness-centrality
Cclvy)) = 1/2';:1dist(v,-, vj),v; € V, takes into account how far away an actor is
located from all other actors, arBetweenness-centralitgg(v;) = 3;_1> " ;-i[8k
(vi)/gkl, vi € V, relies on the extent to which other nodes depend;oas transmitter
of, say, communication. Herg is the number of geodesics connectingand v; and
gkj(v;) the number of such geodesics containing

These three centrality-measures emphasize different structural aspects and represent dif-
ferent points of view. They have in common that they all depend, dime size of the graph.

This problem, “the effect of network size”, was examined by Freeman (1979) for the above
defined centrality-measures. Using
Chtun) = X ®
X
with C§, = maxseg, max Cx (v;), where the indeXX can either be D, C or B referring to
degree, closeness or betweenness centrality, removes this ?ef(%g(v,-) is restricted to

1 For a detailed description and further literature see Freeman (1979).
2See, e.g. Freeman (1979) and Wasserman and Faust (1997).
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the interval [0,1], and using’y for normalization guarantees that at least one node in some
G € G, reaches 1. Thug} (v;) is an absolute measure in the sense that we can interpret
the values with respect to the scale from 0 to 1. In the following we call centrality-measures
normalized in this wayoint-centrality(Freeman, 1979).

Based on a point-centrality’, (v;) agraph-centralization indeis given by

_ (k) = Ch )
Maxgeg, (3; (Cy (v5) — Cy (v)

where the nominator is the difference in point-centralities to the maximal value occurring in
the actual grapiC’y, (v*) = max C (v;), and the denominator gives the maximal difference
in point-centralities with respect to all € G,,. Obviously,Cx € [0, 1].

The graph determining the maximal value in the denominatdarofs the star,Sy ,,—1
with E = {(v1, v;)|i = 2,...,n}, for X equal to D, C or B. The center of the stay, is,
moreover, one node that determir@&s in these cases.

Calculability of the denominator in Egs. (1) and (2) is a necessary condition not only for
normalizing centrality-measures to point-centrality and graph-centralization but for mean-
ingful interpretation. This should be kept in mind when the above described concept is
applied to arbitrary centrality measures. We will come back to this subject later.

To avoid misunderstandings we call our concept that is developed in the next section
“node-centrality”, to distinguish from the above derived “point-centrality”.

Cx

)

3. Node-centrality

The question “what centrality is” seems to be difficult to answer in general, so we have
to rely on intuition.
“A person located in the center of a star is universally assumed to be structurally more
central than any other person in any other position in any other network of similar size.”
(Freeman (1979), p. 218)
We agree with Freeman when he states further ‘tthés$ intuition seems to be natural
enough”. We call the node that represents the above described position in a graghtbe
of the starand while most researchers approach centrality in terms of the “properties” of
this node, i.e. maximal degree, minimal distance and maximal betweenness, we use this
intuition as defining condition.

Definition 1. Let G = (V, E) be an undirected and connected graph with= n. Letnc
be a function which assigns a real value to every node. ofc(v; ) is called anode-centrality
of nodev; if

(M nc(v;) €[0,1] for everyv; € V,and
an ncv) =1 if and only if G =S1,-1 andi =1

Nonnegative values and a range from 0 to 1 seems to be a pure technical condition but, as
we have seen before, it is helpful for interpretation. The significance of a value depends on
minimal and maximal attainable values. Note that if they are known for some funmmatjon
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condition (I) can be satisfied simply by an affine transformatiomcoMoreover, condition
() corresponds exactly to point-centrality.

Condition (Il is the formal description of Freemans intuitive statentefihe center of
a star should reach the maximal value, that is 1, and no other node should reach this value.
The latter constitutes the difference to point-centrality.

We now compare our notion of “node-centrality” to the centrality concepts introduced in
Section 2. Note first that degree- or distance-based centrality-measures do not differentiate
between the center of the star and, for example, nodes in the completeigraphus,

Result 1. Degree-centralityCp(v;) and closeness-centrality'(v;) are not node-
centralities.

In contrast, betweenness-centrality fulfills the second condition (Freeman, 1977), and
thus,

Result 2. Betweenness-centrality; (v;) is a node-centrality.

Another measure of centrality that is often used for the analysis of interlocking direc-
torates (see, e.g. Bonacich (1972a,b) and Mizruchi and Bunting (1981)) is eigenvector-
centrality (called “rank prestige” by Wasserman and Faust (1997)). In the next section we
firstrecall the definition and then develop conditions which assure that this centrality-measure
is a node-centrality.

4. Eigenvector-centrality

Based on the idea that an actor is more central if it is in relation with actors that are
themselves central, we can argue that the centrality of some node does not only depend on
thenumberof its adjacent nodes, but also on their value of centrality. For example, Bonacich
(1972b) defines the centralityv;) of a nodev; as positive multiple of the sum of adjacent
centralities, i.e.

Ae(vp) = Zaijc(vj) Vi.

j=1
In matrix notation withc = (c(v1), ... , c(vy,)) this yields
Ac= Ac. 3)

This type of equation is well known and solved by the eigenvalues and eigenvectors of

From the set of different eigenvectors only one seemsto be an appropriate solution thatcan
serve as acentrality measure (see, e.g. Bonacich (1972b))isAke adjacency-matrix of an
undirected (connected) graphis nonnegative and due to the theorem of Perron—Frobenius,
e.g. Cvetkowt et al. (1995), there exists an eigenvector of the maximal eigenvalue with only
nonnegative (positive) entries.

3 Note, that “node-centrality” combines this intuitive approach with the formal approach of a “point-centrality”.
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We call a nonnegative eigenvector 0 of the maximal eigenvalygrincipal eigenvector
and an entry:(v;) eigenvector-centralitpf nodev;.

Note that the principal eigenvector, and thus also a single entry, is not uniquely deter-
mined. Every multiple of the principal eigenvector satisfies Eq. (3), i.&: fo10, principal
eigenvector ofd, ac with « > 0 is a principal eigenvector of, too. These vectors can be
transformed into each other by multiplication, but nevertheless they differ in interpretation
and properties. To show this we pose some simple questions: Which is the maximal value a
single entry irc can reach? Which nodg in which graphG € G,, does the maximal entry
correspond to?

The common concept for vector-normalization is that gfaorm:

iyl o= | Oal? +1y2l? e VP 1< p <00
u max—1,...alyil, p =00

foranyy = (y1,..., yn).
Maximal entries in the principal eigenvector of graphs in dependengea investigated
in Papendieck and Recht (2000). We refer to them for the proof of the statements below.
In the following sections we examine the effect that different normalization have on the
interpretation of eigenvector-centrality.

4.1. Maximum norm

To normalizec with respect to the maximum norpm= oo, we divide every entry(v;)
by the maximal entry:(v*) := max;c(v;) occurring in the centrality-vectaer

c(v;)
c(v¥)’

In Bolland (1988, p. 236y, is calledcontinuous flow

Properties ofcy:
e cm(v;) €[0, 1] forall i.
e Obviously, maxem(v;) = 1 for every graph.
Using continuous flow as a measure of centrality, the maximal value that can be reached is
1 anditis reached by some node in any graph, i.e. in an arbitrary social network of arbitrary
size there is always an actor with maximal central position. Thysy;) gives rather a
kind of “relative centrality” within the graph than an absolute value with respect to what is
possible. To decide which actor in which of some different networks is “more central” is
not possible using continuous flow.

This does not correspond to node-centrality where the maximum has to be reached only
by the center of a star. Using continuous flow as a point-centrality one should be aware of
this property while comparing nodes from different graphs, except regarding their relative
centrality in the graph.

Moreover, defining a graph-centralization index based on continuous flow is problematic.
As stated before, calculability of the denominator in Eq. (2) in Section 2, i.e. maximal
difference in point-centrality foG € G,, is a necessary condition. However, in contrast
to the assertion in Bolland (1988, p. 237), it is not true that the maximal centralization in

em(v;) ==



362 B. Ruhnau/ Social Networks 22 (2000) 357-365

Fig. 1. Example graphs.

Eq. (2) for the continuous flow occurs in a star. That is the maximal value in the denominator
is not

(r;r;%): (;(cm(v*) — cm(vi)> =n—+n—-1-1

As can be seen from the following counterexample there exist graphs reaching higher
graph-centralization than the star if continuous flow is used as point-centrality.

Counterexample 2. Consider the graphs depicted in Fig. 1. For both graghs. 1 andG,
eigenvector-centrality is given in terms of the principal eigenvalue and the maximal entry
c(v1) andc(vy), respectively. For the stah ,_1 we have

c= (c(vl), @ e c(;}l)) with A =+n -1

and forG
_ (~ uc(vy) c(vy) c(vy) 5(v1)>
¢=|c(vy),

gy ooy

n2—=1" wou?-1
with principal eigenvalue

n—1 n—1\2
n= 5 +\/< > ) —(n—23).

After normalizationcm(v1) = ¢m(vy) = 1 and forn = 11 one easily calculates

> em@*) — emi)) =n — (n — )®5 — 1= 6.83772

.~ I 1 1
> @) — Em(v) = <1— u2——1> ~|—8<1— ;) 4 (1_ Mz__1>

= 6.85645

For the creation of a graph-centralization it is necessary to determine the maximal value
among all graphs. For the maximum norm, or continuous flow, this maximum is not known
yet but it can be seen from the example that the maximum is not reached by the star.
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Result 3. ¢y can be usedto range the nodes within a graglis not an appropriate measure
for the comparison of nodes from different graphs or the evaluation with respect to a given
standardcy, is not a node-centrality.

4.2. Sum-norm

To normalizec with respect tgp = 1, every entrye(v;) has to be divided by the sum of
all values:

cs(vy) = &
doimgc(vi)
cs(v;) gives the proportion of centrality that reaches irG. Again we are interested in the
maximal value a single node can reach, and which node reaches this value. We have the
following:
Properties ofcs:

o cs(vi) € [o

l .
’ (2cos{n/(n+1)))71+l] for all i

N = 1 —
* ¢s(V) = Gomminy1 © ¢ = K2

Clearly, value 1 fom > 1 does not occur. But if we knew the maximal value reached for
fixedn, we could multiply the vector by the inverse.

The upper bound fo#s(v;) is only reached by the nodes &b (Papendieck and Recht,
2000).

For instances of greater than 2 neither the value ngax;, max—1,... »cs(v;) nor which
node in which graph reaches this maximal value is a priori known. That is one has to
enumerate the values for eachand each:. It is known, however, that the center of the
star does not always attain the maximal value as can be seen from Fig. 1, where node 1 in
G reaches an entry greater than that of the center of the star.

What does that mean? By definition the interpretation of a node-centrality is based on the
relation to the center of the star. Now, there is no such “general structure” as the star that
determines the maximal value®f Even worse, evaluation of some instancessifows that
the structure determining the maximal value changesavilthat is forn = 4 itis the center
of the star, and for = 11 it is definitely not the star, as calculation f6rin Fig. 1 shows.

Result 4. ¢s can be used to range nodes according to their proportion of the centrality
within a graph. Since the maximal value ngax, max cs(v;) is in general not reached by
the center of the statg is not a node-centrality.

4.3. Euclidean-norm

Another often used normalization is the Euclidean normgi.e. 2, that leads to
_ c(vi)
(Zl’}:lc(vi)Z)O.S

Here the Euclidean length of the vectqris 1. This does not lead to an interpretation as
easy and natural as for= 1, but we have the following.

ce(v;) :
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Properties ofce:
o ce(v;) € [0, /1/2] for alli
o ce(v;) =/1/2 % G = S1,—1 andi = 1 for alln.
These properties were already mentioned in Borgatti and Everett (1997). A proof can be
found in Papendieck and Recht (2000).

The maximal value ofe(v;) is known and uniquely determined, iti4(1/2) regardless
of n. This maximum is reached only by the center of a star; in contragh tavhere the
maximum is reached by some node in every graphcgnahere varying graphs determine
the maximum.

Again, the value 1 cannot be reached fior 2, but multiplying by the inverse of the
maximal value,/(1/2), that is fix for alln, we reach

Result 5. For eigenvector-centralitys based on Euclidean normalization, the function
NCe(vi) == v2ce(v;)
is a node-centrality.

Now, after we have shown that only normalization based on the Euclidean norm leads to a
node-centrality, the following question remains: How is it possible, that although the dif-
ference between normalizing with= 1 andp = 2 is only to multiply with an appropriate
factor, nodes from different graphs reach the maximal value?

The reason for this phenomenon is found in the relative values. To transfanto c.
we use

cs(v;)

llesll2”

ce(vi) =

Letv; denote the center of the star andthe center o6 in Fig. 1. With respecttp = 1, the
center of the star reaches a value thatis smaller than that of the ceGter0f1) < ¢s(w1).
But the Euclidean length of this vectog = (cs(v1), ... , cs(vy)) is smaller than that of
¢s = (¢s(wi), ..., cs(wy)), 0O, i.e.]lcs||2 < ||¢s||2 and this difference compensates the
differencecs(v1) < cs(w1).

For this reason it followse(vy) > ce(wy), i.e. the relation between the eigenvector-
centralities changes by normalization.

5. Conclusion

The concept of centrality is widely used in Social Network Analysis and has found
different realizations regarding proper measures.

In this paper, the outstanding structural position of the center of a star was used as a
defining property for “node-centrality”: The maximal value of a centrality measure should
be reached only by the center of the star. This concept reflects Freeman'’s intuitive definition
of centrality, but it differs slightly from point-centrality.

We have discussed several centrality-concepts from the perspective of node-centrality. It
turned out that betweenness-centrality is both a point- and a node-centrality, but degree and
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closeness based measures do not satisfy the properties of node-centrality. We have shown

that eigenvector-centrality under Euclidean norm can be transformed into node-centrality,

while other normalizations fail to satisfy the conditions. Moreover, they can lead to different

“rankings” of nodes with respect to centrality, as we have seen from the example in Fig. 1.
We have seen that eigenvector-centrality with maximum nepmjs only suitable for

comparisons within a graph. For eigenvector-centrality with sum-negnthe top end of

the scale is unknown for most until now, thus complicating interpretation. The effect

that normalization has on results and their interpretation should be noticed in choosing and

applying eigenvector-centrality when investigating certain social networks.
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